Abstract. We show that, after the change of variables q = e iu , refined floor diagrams for P 2 and Hirzebruch surfaces compute generating series of higher genus relative Gromov-Witten invariants with insertion of a lambda class. The proof uses an inductive application of the degeneration formula in relative Gromov-Witten theory and an explicit result in relative Gromov-Witten theory of P 1 . Combining this result with the similar looking refined tropical correspondence theorem for log Gromov-Witten invariants, we obtain some non-trivial relation between relative and log Gromov-Witten invariants for P 2 and Hirzebruch surfaces. As last application, we also prove that the Block-Göttsche invariants of F 0 and F 2 are related by the Abramovich-Bertram formula.
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Introduction
Floor diagrams are combinatorial objects, introduced by Brugallé and Mikhalkin, [BM07] , [BM09] , giving a solution to some enumerative problems for real and complex curves in h-transverse toric surfaces. The class of h-transverse toric surfaces includes in particular P 2 and Hirzebruch surfaces. We refer to Section 1 for precise definitions. In the present paper, we will focus on complex curves. There are two ways to understand the relation between floor diagrams and curve counting:
• Using tropical geometry. Mikhalkin's correspondence theorem [Mik05] relates tropical curves in R 2 and curve counting for arbitrary projective toric surfaces. For h-transverse toric surfaces, one can take an appropriate "stretching limit" of the tropical geometry, in which the combinatorics of the tropical curves can be encoded by floor diagrams. This is the approach followed in [BM07] , [BM09] .
• Using relative Gromov-Witten theory. For P 2 and Hirzebruch surfaces, relative Gromov-Witten theoy defines some virtual curve counting. Floor diagrams naturally appear as describing the combinatorics of successive applications of the degeneration formula in relative Gromov-Witten theory [Li02] . See for example [Bru15] and [AB17] . Following their work [BG16b] defining q-refined counts of tropical curves in R 2 , Block and Göttsche defined [BG16a] q-refined counts of floor diagrams, producing Laurent polynomials in some variable q and reducing to the ordinary integral counts of floor diagrams for q = 1. In [Bou19] , we established a q-refined version of Mikhakin's correspondence theorem, relating, after the change of variables q = e iu , q-refined counts of tropical curves in R 2 and generating series of higher genus log Gromov-Witten invariants of toric surfaces with insertion of a lambda class. For h-transverse toric surfaces, the "stretching limit" connects, as in the unrefined case, q-refined counts of tropical curves and q-refined counts of floor diagrams. Thus, it follows directly from [Bou19] that q-refined floor diagrams compute, after the change of variables q = e iu , generating series of higher genus log Gromov-Witten invariants with insertion of a lambda class.
The previous paragraph gives a summary of the q-refined way to understand the relation between floor diagrams and curve counting using tropical geometry. The goal of the present paper is to describe a q-refined way to understand this connection using relative Gromov-Witten theory. We show the following result (we refer to Theorem 1.1 for the precise statement).
Theorem 0.1. For P 2 and Hirzebruch surfaces, refined floor diagrams compute, after the change of variables q = e iu , generating series of higher genus relative Gromov-Witten invariants with insertion of a lambda class.
The proof of Theorem 0.1 starts following the proof of its unrefined analogue: successive applications of the degeneration formula in Gromov-Witten theory makes clear the apparition of the combinatorics of the floor diagrams. The non-trivial point is to evaluate the contribution to the curve counts of the various vertices of each floor diagram. In the unrefined case, these contributions are all trivially equal to 1. In the refined case, we need to compute explicitly a family of relative Gromov-Witten invariants with insertion of a lambda class for Hirzebruch surfaces. The computation of these invariants is the main new technical content of this paper and is done by some induction whose each step requires an application of the degeneration formula for relative Gromov-Witten invariants and explicit relative Gromov-Witten invariants of P 1 . Perhaps curiously, the cancellation of terms necessary for the induction step is simply the power series version of the identity exp(log(1 + x)) = 1 + x .
Refined Fock spaces. Cooper and Pandharipande [CP17] remarked that the combinatorics of some applications of the degeneration formula in relative Gromov-Witten theory for P 1 × P 1 and P 2 can be nicely encoded into an operator formalism in Fock space. This approach has been recently generalized to Hirzebruch surfaces by Cooper [Coo17] . Block and Göttsche [BG16a] generalized this remark to h-transverse toric surfaces by recognizing that the floor diagrams were simply the Feynman diagrams of the operator formalism in Fock space. They also remarked that the q-refined floor diagrams can still be interpreted as Feynman diagrams of a q-deformed operator formalism in Fock space. It follows that Theorem 0.1 can be equivalently phrased in terms of the q-deformed operator formalism in Fock space: this operator formalism computes, after the change of variables q = e iu , generating series of higher genus relative Gromov-Witten invariants with insertion of a lambda class. We refer to Corollary 3.7 of [BG16a] for the explicit formulas in terms of q-deformed operator formalism in Fock space for P 2 and Hirzebruch surfaces.
Log invariants. This paper is logically independent of [Bou19] . In particular, it is phrased entirely into the usual framework of relative Gromov-Witten theory along smooth divisors, and does not require the log technology used in [Bou19] . In particular, we hope that the present paper could be viewed as a more accessible introduction to the set of ideas presented in [Bou19] .
The combination of Theorem 0.1 with the main result of [Bou19] produces an interesting result. As both relative and log Gromov-Witten invariants of P 2 and Hirzebruch surfaces are computed by the same q-refined floor diagrams, we obtain a non-trivial relation between them. We give a precise statement in Theorem 4.1. This relation could probably be obtained directly using some degeneration argument in some log context, but it is interesting that tropical geometry gives a way to go around this degeneration argument. Some similar remarks are made, in the unrefined context, in [CJMR17] and [Coo17] . F 0 and F 2 . A classical formula, due to Abramovich-Bertram [AB01] in genus zero and to Vakil in higher genus [Vak00] , relates the enumerative geometries of the Hirzebruch surfaces F 0 and F 2 . Motivated by the fact that the same formula holds for Welschinger counts of real curves, Brugallé [Bru18] has recently conjectured that the same formula holds at the level of the corresponding q-refined Block-Göttsche tropical invariants. We give a proof of this conjecture in Section 5. Whereas the statement of the conjecture is some identity between q-refined tropical curve counts, and so possibly accessible by some purely combinatorial argument, our proof is geometric: using Theorem 0.1, we can rephrase the conjecture as a relation between relative Gromov-Witten invariants, and the result then follows from the degeneration formula in Gromov-Witten theory.
Plan of the paper. In Section 1, we review the definitions of the main objects considered in this paper (h-transverse toric surfaces, floor diagrams, relative Gromov-Witten invariants) and we state Theorem 1.1, precise form of Theorem 0.1. The proof of Theorem 1.1 is the main content of this paper and takes Section 2 and 3.
In Section 2, we apply the degeneration formula in relative Gromov-Witten theory to some "accordion" degeneration. This reduces Theorem 1.1 to the evaluation of some vertex contribution expressed in terms of the relative Gromov-Witten theory of Hirzebruch surfaces. Apart from the idea of considering relative Gromov-Witten invariants with a lambda class insertion, this part is standard. In the unrefined case, this finishes the proof because the vertex contribution is essentially trivial.
The main novelty of the present paper is Section 3, in which we evaluate the vertex contribution in the refined case. This is done by an inductive application of the degeneration formula in relative Gromov-Witten theory and using explicit formulas in the relative Gromov-Witten theory of P 1 . This finishes the proof of Theorem 1.1.
In Section 4, we combine Theorem 1.1 with the main result of [Bou19] to get Theorem 4.1, a comparison result between relative and log Gromov-Witten invariants. Finally, in Section 5, we give, as application of Theorem 1.1, a proof that, as conjectured in [Bru18] , Block-Göttsche invariants of F 0 and F 2 are related by the Abramovich-Bertram formula.
Acknowledgements. The question to give an analogue of [Bou19] in the context of floor diagrams was asked by Lothar Göttsche during a discussion about [Bou19] in Trieste in June 2017. I obtained the key part of the present paper (the proof by induction of Theorem 3.1) in the days following this discussion. I also thank Rahul Pandharipande for related discussions.
I acknowledge the support of Dr. Max Rössler, the Walter Haefner Foundation and the ETH Zürich Foundation.
Notations.
• We denote A * and A * for respectively Chow groups and operatorial cohomology Chow groups, as in [Ful98] .
• Given a partition µ, we write µ ℓ for the number of parts of µ equal to ℓ, so that µ is a partition of µ = ∑ ℓ⩾1 ℓµ ℓ . We denote ℓ(µ) the length of µ, i.e. the number of parts of µ.
Precise statements
We first introduce the main objets playing a role in the present paper: h-transverse toric surfaces in Section 1.1, floor diagrams in Section 1.2, q-refined counts of floor diagrams in Section 1.3, and relative Gromov-Witten invariants with insertion of a lambda class in Section 1.4. We then state our main result, Theorem 1.1, in Section 1.5.
1.1. h-transverse toric surfaces. Let ∆ be a balanced collection of vectors in Z 2 , i.e. a finite collection of vectors in Z 2 − {0} summing to zero. We denote ∆ the cardinal of ∆. We say that ∆ is h-transverse if for every v = (v x , v y ) ∈ ∆, we have either
In other words, ∆ is h-transverse if all the vertical vectors in ∆ are of the form (0, 1) or (0, −1), and all non-vertical vectors in ∆ have an horizontal component equal to +1 or −1.
Remark that the notion "∆ is h-transverse" is not invariant under the natural action of GL(2, Z) on Z 2 : it depends on the notion of horizontal and vertical directions.
Let ∆ be a h-transverse balanced collection of vectors in Z 2 . Let X ∆ be the toric surface over C whose fan is the union of rays R ⩾0 v in R 2 for v ∈ ∆. If (0, −1) appears in ∆, we denote D b the toric divisor of X ∆ dual to the ray R(0, −1). If (0, −1) does not appear in ∆, we set D b ∶= ∅. If (0, 1) appears in ∆, we denote D t the toric divisor of X ∆ dual to the ray R ⩾0 (0, 1). If (0, 1) does not appear in ∆, we set D t ∶= ∅. The indices "b" and "t" in D b and D t refer respectively to "bottom" and "top". We denote ∆ l the subset of v = (v x , v y ) ∈ ∆ with v x = −1, and we denote ∆ r the subset of v = (v x , v y ) ∈ ∆ with v x = 1. The indices "l" and "r" refer respectively to "left" and "right".
We denote d b the number of occurrences of (0, −1) in ∆ and d t the number of occurrences of (0, 1) in ∆. By the balancing condition, ∆ l and ∆ r have the same cardinal, which we denote h and we call it the height of ∆. Remark that
By standard toric geometry, there exists a unique class β ∆ ∈ H 2 (X ∆ , Z) such that, if v is a primitive generator, pointing away from the origin, of a ray in the fan of X ∆ , of dual divisor D v , then the intersection number β ∆ ⋅ D v is equal to the number of occurrences of v in ∆. In particular, we have
Examples:
• Let d be a positive integer and let ∆ be the balanced collection of vectors in Z 2 consisting of d copies of (−1, 0), d copies of (0, −1) and d copies of (1, 1). Then
• Let k be an integer and let d and h be non-negative integers. Let ∆ be the balanced collection of vectors in Z 2 consisting of d + kh copies of (0, −1), d copies of (0, 1), h copies of (−1, 0) and h copies of (1, k). Then X ∆ is the Hirzebruch surface
We denote this ∆ as ∆
We fix ∆ a h-transverse balanced collection of vectors in Z 2 and n a nonnegative integer. Our graphs will have finitely many vertices, finitely many bounded edges, each connecting a pair of vertices, and finitely many unbounded edges, each attached to a single vertex. A weighted graph is a graph whose each edge E, bounded or unbounded, is decorated by a positive integer w E , called the weight of E. An oriented graph is a graph whose each edge, bounded or unbounded, is oriented. Up to notational details, the following definitions are due to Brugallé and Mikhalkin [BM09] . 
where the product is over the edges of D and w E is the weight of the edge E.
The multiplicity of a marked floor diagram only depends on its isomorphism class. ) .
It is a Laurent polynomial in a formal variable q 1 2 , reducing to the integer m in the limit q 1 2 → 1. The following definitions are due to Block and Göttsche [BG16a] . 
The q-refined multiplicity of a marked floor diagram only depends on its isomorphism class.
Definition 1.7. The count with q-multiplicity of (∆, n)-floor diagrams is
where the sum is over the isomorphism classes of marked (∆, n)-floor diagrams.
Remark that in the limit q 
where g ∆,n ∶= n + 1 − ∆ . For every 1 ⩽ j ⩽ n, let ev j ∶ M rel g,n,∆ → X ∆ be the evaluation morphism at the j-th marked point.
Recall that if
denotes the universal source curve, then the Hodge bundle is the rank g vector bundle E ∶= ν * ω ν over M rel g,n,∆ , where ω ν is the dualizing line bundle relative to ν. The Chern classes of the Hodge bundles are classically [Mum83] called lambda classes:
We consider the relative Gromov-Witten invariant
where pt ∈ A 2 (X ∆ ) is the class of a point in X ∆ . Remark that thanks to the insertion of λ g−g ∆,n , the integrand has the correct degree to give a possibly non-trivial result after
1.5. Main result. The following Theorem is the main result of the present paper. It is a precise version of Theorem 0.1 stated in the Introduction.
Theorem 1.1. Let ∆ be a h-transverse balanced collection of vectors in Z 2 of the form ∆
, and let n be a nonnegative integer such that g ∆,n ⩾ 0. Then we have the equality
of power series in u with rational coefficients, where
Remarks:
• Theorem 1.1 gives a geometric interpretation to the combinatorially defined q- • Theorem 1.1 is analogous to the main result of [Bou19] , relating Block-Göttsche q-refined tropical curve counts and higher genus log Gromov-Witten invariants with a lambda class insertion of toric surfaces. We combine these two results in Section 4 in order to get Theorem 4.1, a non-trivial comparison result between log and relative Gromov-Witten invariants for P 2 and Hirzebruch surfaces. The proof of Theorem 1.1 takes the following Sections 2 and 3.
Reduction to the vertex contributions
In Section 2.1, we review classical properties of lambda classes. In Section 2.2, we define some relative Gromov-Witten invariants N µν g,rel of Hirzebruch surfaces, and we state Theorem 2.1, giving an explicit formula for these invariants. In Section 2.3, we prove Lemmas 2.2 and 2.3, which will be used in Section 2.4. In Section 2.4, we give the first half of the proof of Theorem 1.1. We explain how floor diagrams appear from an application of the degeneration formula in Gromov-Witten theory, and how the invariants N µν g,rel appear as "vertex contributions" of floor diagrams. It follows that Theorem 2.1 implies Theorem 1.1. The second half of the proof of Theorem 1.1 is the proof of Theorem 2.1, given in Section 3.
2.1. Properties of lambda classes. In this Section, we review some well-known property of lambda classes. In order to make this paper more self-contained, we simply copy the exposition given in [Bou19] .
Lemma 2.1. Let B be a scheme of finite type over C. Let Γ be a graph, of genus g Γ , and let π V ∶ C V → B be prestable curves over B indexed by the vertices V of Γ. For every edge E of Γ, connecting vertices V 1 and V 2 , let s E,1 and s E,2 be smooth sections of π V 1 and π V 2 respectively. Let π∶ C → B be the prestable curve over B obtained by gluing together the sections s V 1 ,E and s V 2 ,E corresponding to a same edge E of Γ. Then, we have an exact sequence
where ω π V and ω π are the relative dualizing line bundles.
Proof. Let s E ∶ B → C be the gluing sections. We have an exact sequence
Applying Rπ * , we obtain an exact sequence
The kernel of
The desired exact sequence follows by Serre duality. Equivalently, if we choose g Γ edges of Γ whose complement is a tree, the morphism
can be understood as taking the residues at the corresponding g Γ sections.
2.2. Definition of the vertex contributions. In the present Section, we define some relative Gromov-Witten invariants N µν g,rel of Hirzebruch surfaces which will appear as building blocks in the degeneration formula given in Section 2.4, and more precisely as "vertex contributions" for floor diagrams. We also state Theorem 2.1, giving an explicit formula for these invariants. Theorem 2.1 will be proved in Section 3.
We fix k ∈ Z and we consider the Hirzebruch surface
Let µ be a partition of d, and let ν be a partition of d + k. We denote respectively ℓ(µ) and ℓ(ν) the lengths of µ and ν. We think about µ and ν as respectively prescribing tangency conditions along D −k and D k for a problem in Gromov-Witten theory of F k relatively to the smooth divisor
be the moduli space of 1-pointed genus g class β d stable maps to F k , relative to the smooth divisor D −k ∪D k , with tangency conditions along D −k prescribed by the partition µ and with tangency conditions along D k prescribed by the partition ν. It is a proper Deligne-Mumford stack admitting a virtual fundamental class
be the evaluation at the ℓ(µ) contact points with D −k prescribed by µ, and let
be the evaluation at the ℓ(ν) contact points with D k prescribed by ν. We define the relative Gromov-Witten invariant
) is the product of the point classes on the various factors D −k , and pt
) is the product of the point classes on the various factors D k .
Theorem 2.1. For every partitions µ and ν, we have
after the change of variables q = e iu in the right-hand side.
The proof of Theorem 2.1 is given in Section 3. 
be the evaluation morphisms at the contact points. We define the relative Gromov-Witten invariants
is the class of a point on D −k , and
Lemma 2.2. For every positive integer d, we have
For g = 0, we have
constrains the relevant stable maps to factor through some given P 1 -fiber of F k → P 1 . As this P 1 -fiber has trivial normal bundle, N
can be computed as Gromov-Witten invariants of P 1 with an extra insertion of (−1) g λ g . But it follows from Mumford's relation [Mum83] c(E)c(E * ) = 1 that λ 2 g = 0 if g > 0, and so we get N
If g = 0, we have λ 2 0 = 1, the moduli space is a point, given by the degree d map P 1 → P 1 fully ramified over 0 and ∞, with an automorphism group of order d, and so N 
Let ev∶ M rel g,dF,1 (F k ) → F k be the evaluation morphisms at the extra marked point. We define the relative Gromov-Witten invariants
where pt ∈ A 2 (F k ) is the class of a point of F k .
Lemma 2.3. For every positive integer d, we have
Proof. Identical to the proof of Lemma 2.2, except that for g = 0, the extra marked point kills the non-trivial automorphisms.
2.4. Floor diagrams from the degeneration formula. In the present Section, we prove that Theorem 2.1 implies Theorem 1.1. In the statement of Theorem 1.1, there are two cases: ∆ = ∆ Let D be a marked (∆, n)-floor diagram. Recall that every edge E of D has some weight w E . If V is a vertex of D, we denote µ(V ) the partition whose parts are the weights of outgoing edges adjacent to V , and ν(V ) the partition whose parts are the weights of the ingoing edges adjacent to V .
If ∆ = ∆ 
where the sum over D is over the isomorphism classes of marked (∆, n)-floor diagrams, E(D) is the set of edges of D, and V (D) is the set of vertices of D.
In particular, Theorem 2.1 implies Theorem 1.1.
Proof. We first assume that ∆ = ∆ 
. We apply the degeneration formula in relative GromovWitten theory to this degeneration, with the n point insertions degenerating into exactly one point insertion for each component F
We claim that the resulting formula coincides with the formula given by Proposition 2.1. The unrefined, i.e. g = g ∆,n , version of this argument can be found for example in the proof of Theorem 4.9 of [CJMR17] , or, in the Fock space language, in Section 2.5 of [Coo17] . We have to adapt this argument to the refined, i.e. g ⩾ g ∆,n , case.
Terms of the degeneration formula can be indexed by decorated graphs. For each such graph Γ, every vertex V is decorated by an integer j(V ), 1 ⩽ j(V ) ⩽ n, a class
, an integer genus g(V ) ⩾ 0, and every edge E is decorated by a integer weight w E ⩾ 0. A vertex V can only be connected to a vertex
−k , and the collection of weights w E for E edge connecting V to some V ′ with j(
k . For every 1 ⩽ j ⩽ n, among the vertices V with j(V ) = j, there is one distinguished vertex, the one receiving the point insertion for the component F 
The degeneration formula in relative Gromov-Witten theory [Li02] Let V be a vertex of Γ distinct of V j(V ) . Inserting k times the class 1 and ℓ(µ(V )) + ℓ(ν(V )) − k times the class pt among the ℓ(µ(V )) + ℓ(ν(V )) contact points, gives, combined with the lambda class insertion λ m(V ) , an insertion of total degree
Comparing with the virtual dimension of M rel V , a non-vanishing result is possible only if
This equation has two solutions:
•
The first solution only gives vanishing invariants. Indeed, it corresponds to curves in the class of a fiber of F If V = V j for some 1 ⩽ j ⩽ n, inserting k times the class 1 and ℓ(µ(V j )) + ℓ((ν(V j )) − k times the class pt among the ℓ(µ(V j )) + ℓ(ν(V j )) contact points, gives, combined with the lambda class λ m(V j ) and the interior point insertions, an insertion of total degree
Comparing with the virtual dimension of M rel V j , a non-vanishing result is possible only if
This equation has four solutions:
The first and second solutions give vanishing invariants: they correspond to curves in the class of a fiber of F (j) k → P 1 , with point constraints generically living in different fibers. For the same reason, the third solution gives possibly non-vanishing invariants only if µ(V j ) and ν(V j ) are the trivial partition of d(V j ), reduced to one part: in such case, it follows from Lemma 2.3 that the corresponding invariant is equal to zero if g(V j ) > 0 and is equal to 1 if g(V ) = 0. Finally, invariant corresponding to the fourth solution is exactly N
, defined in Section 2.2. We obtain a correspondence between contributing graphs Γ and marked floor diagrams. It follows from the above analysis that the vertices V of Γ, distinct of V j(V ) , or of the form V j with h(V j ) = 0, are bivalent, and so can be erased from Γ: we obtain a new graphΓ, whose vertices are the vertices V j of Γ with h(V j ) = 1. As all the possibly non-vanishing vertices have m(V ) = g(V ), we obtain from Lemma 2.1 thatΓ has first Betti number g ∆,n . It follows thatΓ has a natural structure of marked (∆, n)-floor diagram.
An edge E of this (∆, n)-floor diagram D is obtained by gluing edges of Γ, and erasing vertices of Γ. Among these vertices, all are distinct from the vertices V j , except one, which is V j for some j and has h(V j ) = 0. According to the degeneration formula, each edge of Γ contributes a factor equal to its weight. According to Lemma 2.2, vertices distinct from V j contributes 1 w E , and according to Lemma 2.3, the vertex V j contributes 1. It follows that the total contribution of E is w 2 E . Symmetry factors present in the degeneration formula disappear when we sum over isomorphism classes of marked floor diagrams rather than over all marked floor diagrams. It follows that the degeneration formula indeed reduces to the formula stated in Proposition 2.1. This formula implies Theorem 1.1 given Theorem 2.1. Indeed, every edge E of D with w(E) ≠ 1 is connected to two vertices, each one giving a contribution
to Theorem 2.1. The cancellation
is then responsible for the apparition of the q-refined multiplicity m D (q For ∆ = ∆ P 2 d , we apply the same argument to the degeneration obtained by successive degenerations to the normal cone of D b , i.e. to an "accordion" made of one copy of P 2 and n copies of F 1 .
Computation of the vertex contributions
In the present Section, we prove Theorem 2.1, computing the relative Gromov-Witten invariants N µν g,rel . Given Proposition 2.1, this will finish the proof of Theorem 1.1. Because of the structure of our proof, we will in fact show a more general result, Theorem 3.1, involving invariants N µνρσ g,rel generalizing the invariants N µν g,rel . In Section 2.2, we defined N µν g,rel as Gromov-Witten invariants of the Hirzebruch surfaces F k relative to the divisors D −k and D k , with tangency conditions prescribed by the partitions µ and ν. The idea of our proof is to exchange these tangency conditions with no tangency at all on a blown-up surface. This explains why we will introduce more general surfaces In Section 3.1, we define the invariants N µνρσ g,rel . In Section 3.2, we state Theorem 3.1, computing explicitly the invariants N µνρσ g,rel and in particular implying Theorem 2.1. The proof of Theorem 3.1 is done by induction. The base case of the induction is established in Section 3.3. In Section 3.4, we prove a technical result about bubbles which will be key to the induction step. The induction step, finishing the proof of Theorem 3.1, is presented in Section 3.5. 
Definition of the invariants N
be the evaluation morphism at the marked point. Let
) is the product of the point classes on the various factors D −k , and pt k ∈ A ℓ(ν) ((D k ) ℓ(ν) ) is the product of the point classes on the various factors D k . Remark that if ρ and σ are the empty partitions, then the invariants N µνρσ g,rel reduce to the invariants N µν g,rel defined in Section 2.2. 3.2. Statement. The following Theorem 3.1, which is the key technical result of this paper, computes explicitly the relative Gromov-Witten invariants N µνρσ g,rel of F ρσ k . We recall that if µ is a partition and ℓ is a positive integer, we denote µ ℓ the number of parts of µ equal to ℓ.
Theorem 3.1. For every partitions µ and ν, we have:
• For every partitions ρ and σ whose all parts are equal to 1, we have
• For every partitions ρ and σ whose parts are not all equal to 1, we have
The proof of Theorem 3.1 is given in the following Sections. It will be an induction on the maximal size of the parts of the partitions µ and ν (and on the number of times that this maximum value is attained). In Section 3.3, we treat the base case of the induction, i.e. the case where the partitions µ and ν are empty. In Section 3.4, we make the geometric observation that relative stable maps contributing to N µνρσ g,rel have no "horizontal" components in the bubbles along D −k ∪ D k . This will justify our use of the degeneration formula. Finally, the computation giving the induction step, following from the degeneration formula in relative Gromov-Witten theory, is presented in Section 3.5.
3.3. Base case. In this Section, we prove Proposition 3.1, which is Theorem 3.1 in the special case with µ and ν empty partitions. It will be the base case of our proof by induction of the general case of Theorem 3.1 given in Section 3.5.
As we are assuming that µ and ν are empty partitions, we have ℓ(µ) = ℓ(ν) = 0, and ρ and σ are partitions of d and d + k respectively. So we have to prove: Proof. We denote and label ρ (j) , 1 ⩽ j ⩽ d, and σ (j) , 1 ⩽ j ⩽ d + k, the parts of ρ and σ respectively. We denote π∶ F ρσ k → F k the blow-up morphism. We have
By the adjunction formula, a curve of class β
which is equal to zero if all the parts of ρ and σ are equal to 1, and is negative else. In particular, the moduli space M 
No horizontal component in bubbles.
In this Section, we prove Lemma 3.1, some technical result which will be used in Section 3.5 in the proof of Theorem 3.1.
The relative Gromov-Witten invariants N µνρσ g,rel are defined in terms of the moduli spaces M We fix ℓ(µ) points on D −k , ℓ(ν) points on D k , and one point in F ρσ k , all on different fibers of the projection F ρσ k → P 1 and away from the exceptional divisors E j , 1 ⩽ j ⩽ ℓ(ρ), and 
is contained in a union of fibers of F ρσ k → P 1 . In particular, the image by f of the component of C 0 containing the marked point is a fiber of F ρσ k → P 1 and so intersect D k (resp. D −k ). Because this point is not one of the prescribed contact point along D −k , this is only possible if there is a bubble along D k (resp. D −k ) and a component of C whose image by π n ○ f dominates D k (resp. D −k ), which is a contradiction with the fact that (π n ○ f )(C) contains at most one copy of D −k or D k .
3.5. The induction step. If µ is a partition, we denote max(µ) the greatest value attained by a part of µ, and Nmax(µ) the number of parts of µ attaining this maximum value. If (µ, ν) is a pair of partitions, we denote max(µ, ν) for max(max(µ), max(ν)), i.e. the greatest value attained by a part of µ or a part of ν, and Nmax(µ, ν) the number of parts of µ and ν attaining this maximum value.
In this Section, we start the proof by induction of Theorem 3.1. It will be an induction on µ and ν and more precisely on the pair (max(µ, ν), Nmax(µ, ν) ), where we use the lexicographic order for pairs of nonnegative integers: (x, y) ⩽ (x ′ , y ′ ) if x ⩽ x ′ , or x = x ′ and y ⩽ y ′ . Concretely, at every step, we will lower the number of times that the maximum value for parts of µ and ν is attained, and once this number of times is reduced to one, we will reduce this maximum value.
The base case of the induction is obtained for µ and ν empty partitions and is given by Proposition 3.1.
Let µ, ν, ρ, σ be partitions. We assume that for every partitions ν) ), Theorem 3.1 holds. We want to show that Theorem 3.1 holds for µ, ν, ρ, σ.
Up to exchanging the roles of µ and ν, we can assume that max(µ, ν) = max(µ), i.e. max(µ, ν) is attained by a part of µ. Letρ be the partition obtained from ρ by adding one part equal to max(µ). We denoteμ the partition of µ obtained from µ by removing one part equal to max(µ). Remark that
If m is a partition of max(µ), we denoteμ ∪ m the partition of µ whose set of parts is the union of the set of parts ofμ and of the set of parts of m. Remark that if m is not the trivial partition of max(µ) reduced to one part, we have
If m is the trivial partition of max(µ) reduced to one part, we haveμ ∪ m = µ. We first explain the construction of a specific degeneration of Fρ Let π∶ X → A 1 be the natural projection. The special fiber π −1 (0) has two irreducible components: F ρσ k and P −k . Here P −k is a P 1 -bundle over D −k , with two natural sections
Let s be a section of π such that for every t ≠ 0, s(t) ∈ D −k , away from D −k ∩ E j for all 1 ⩽ j ⩽ ℓ(ρ), and such that s(0) ∈ (D −k ) ∞ . We blow-up the image of s in X to obtain a new familyπ∶X → A 1 . For t ≠ 0, we identifyπ −1 (t) with Fρ σ k . The special fiberπ −1 (0) has two irreducible components: F ρσ k andP −k , whereP −k is the blow-up of P −k at the point s(0).
We would like to compute the relative Gromov-Witten invariant Nμ νρσ g,rel of Fρ σ k using the degenerationπ∶X → A 1 . A priori, the degeneration formula cannot be used to degenerate relative problems: it is in general as complicated as to study general normal crossings degenerations. But in the present situation, we have Lemma 3.1: this guarantees that the various relative conditions along D −k and D k never interact in a non-trivial way. It follows that the degeneration formula in relative Gromov-Witten theory can actually be applied to this case. We obtain: give the contribution of the P 1 inP −k which is the strict transfrom of the P 1 -fiber of P −k → D −k passing through s(0). Indeed, the normal bundle to this P 1 inP −k is O P 1 (−1), and so this follows from Theorem 5.1 of [BP05] .
If m is not the trivial partition of max(µ) reduced to one part, we have
and so by the induction hypothesis, we can apply Theorem 3.1 to compute N
and so by the induction hypothesis, we can apply Theorem 3.1 to compute Nμ So it remains to prove that the formula given by Theorem 3.1 is indeed implied by the degeneration formula.
If some part of ρ or σ is not equal to 1, then, by the induction hypothesis, we have Nμ So we can assume that all parts of ρ and σ are equal to 1. If max(µ) ≠ 1, then some part ofρ is strictly greater than 1, and so Nμ , and so, using that µ 1 =μ 1 + 1, we get
This finishes the proof of Theorem 3.1.
Comparison with log invariants
Let ∆ be a h-transverse balanced collection of vectors in Z 2 of the form ∆ P
, and let n be a nonnegative integer such that g ∆,n ⩾ 0. In Section 1.4, we defined GromovWitten invariants N ∆,n g,rel of X ∆ relative to the smooth divisor D b ∪ D t given by the disjoint union of the two "horizontal" toric divisors. The main result of the present paper, Theorem 1.1, expresses these relative Gromov-Witten invariants in terms of refined counts of floor diagrams.
In Section 2.2 of [Bou19] , we defined log Gromov-Witten invariants 1 N ∆,n g,log of X ∆ relative to the singular divisor given by the union of the toric divisors of X ∆ . The difference between N ∆,n g,rel and N ∆,n g,log is that in the definition of N ∆,n g,rel , there is no condition involving the non-horizontal toric divisors. In particular, relative stable maps contributing to N ∆,n g,rel can have components falling into a non-horizontal toric divisor, whereas such map needs to come with a non-trivial log structure in order to contribute to N ∆,n g,log .
The main result of [Bou19] expresses the log Gromov-Witten invariants N ∆,n g,log in terms of refined counts of tropical curves. Going back to the original correspondence obtained by Brugallé and Mikhalkin [BM09] between foor diagrams and "vertically stretched" tropical curves, we obtain an explicit correspondence between N ∆,n g,rel and N ∆,n g,log . Recall that we denote by h the height of ∆, see Section 1.1.
1 In [Bou19] , the notation used is N ∆,n g . Here, we use the notation N ∆,n g,log in order to make clear that they are log invariants, distinct from the relative invariants considered in the present paper.
Theorem 4.1. Let ∆ be a h-transverse balanced collection of vectors in Z 2 of the form ∆
, and let n be a nonnegative integer such that g ∆,n ⩾ 0. Then, we have the equality
Proof. This follows directly from the combination of Theorem 1.1, of Theorem 5 of [Bou19] (recall that ∆ = 2h + d b + d t ) and from the correspondence between floor diagrams and topical curves given by Proposition 5.9 of [BM09] .
Remark: One can probably obtain a direct proof of Theorem 4.1 using a degeneration to the normal cone of the non-horizontal toric divisors of X ∆ . One should apply to this degeneration an argument in log Gromov-Witten theory, similar to the arguments used in [Bou19] , [Bou18b] and [Bou18a] . In particular, the factor
should come from the 2h contact points with the non-horizontal toric divisors in X ∆ .
Given such direct proof, one could reverse the logic and derive Theorem 1.1 from [Bou19] , but this would go against the spirit of the present paper, which was to remain in the realm of relative Gromov-Witten theory and to not use any logarithmic technology.
5. Application to Block-Göttsche invariants of F 0 and F 2
In this Section, as application of Theorem 1.1, we give a proof of Conjecture 4.6 of [Bru18] , relating Block-Göttsche invariants of F 0 and F 2 , see Corollary 5.1. 5.1. Gromov-Witten invariants of F 0 . We consider F 0 = P 1 × P 1 . We denote D
Using notations of Section 1.1, we have , (a, b) ) be the moduli space of n-pointed genus g class β , (a, b) ) → F 0 be the evaluation morphism at the j-th marked point. We define
where pt ∈ A 2 (F 0 ) is the class of a point in F 0 .
Lemma 5.1. For every nonnegative integers a, b and n such that n + 1 − 4a − 2b ⩾ 0, we have
Proof. This follows from the degeneration formula in Gromov-Witten theory applied to the degeneration of F 0 to the normal cone of the smooth divisor D
−0 , i.e. to F 0 ∪ F 0 ∪F 0 , keeping the n point insertions in the middle F 0 . Indeed, it follows from dimension reasons that only stable maps with no "horizontal" components in the first and third F 0 contribute. "Vertical" components can be reduced to relative Gromov-Witten theory of P 1 and gives a factor 1 2 sin u 2 by Theorem 5.1 of [BP05] .
Remark: For g = n+1−4a−2b, Lemma 5.1 reduces to the well-known fact that absolute and relative Gromov-Witten invariants of F 0 coincide (and are in fact enumerative).
5.2.
Relative Gromov-Witten invariants of F 2 . We denote D −2 ) 2 = −2. We denote [F F 2 ] the class of a fiber of the natural projection F 2 → P 1 . Using notations of Section 1.1, we have
2 , (h, d)) be the moduli space of n-pointed genus g class β ∆ Proof. This follows from the degeneration formula in Gromov-Witten theory applied to the degeneration of F 2 to the normal cone of the smooth divisor D F 2 2 , i.e. to F 2 ∪ F 2 , keeping the n point insertions in the first F 0 . Indeed, it follows from dimension reasons that only stable maps with no "horizontal" components in the second F 2 contribute.
"Vertical" components can be reduced to relative Gromov-Witten theory of P 1 and gives a factor 1 2 sin u 2 by Theorem 5.1 of [BP05] .
Remark: For g = n + 1 − 4h − 2d, Lemma 5.2 reduces to the well-known fact that Gromov-Witten invariants of F 2 relative to D Proof. This follows from the degeneration formula in Gromov-Witten theory applied to the degeneration of F 0 = P 1 × P 1 to the normal cone of its diagonal ∆, i.e. to F 0 ∪ F 2 , and sending the n point insertions to F 2 .
Indeed, it follows from dimension reasons that the only possible relative GromovWitten problems appearing in the degeneration formula on the side of F 0 are of class [D by Theorem 5.1 of [BP05] .
We denote j the number of such relative Gromov-Witten problems of class [D . In particular, we have β ⋅ D Remark: For g = n + 1 − 4a − 2b, Theorem 5.1 reduces to the classical formula, due to Abramovich-Bertram [AB01] in genus zero and to Vakil [Vak00] in higher genus, comparing enumerative invariants of F 0 and F 2 . Remarks:
• The statement of Corollary 5.1 is Conjecture 4.6 of [Bru18] . The previously known cases of this Conjecture were the specialization q = 1 (the Abramovich-Bertram, Vakil formula), and for b = 0, n = 4a − 1, the specialization q = −1 (as consequence of a surgery formula for Welschinger invariants, see Proposition 2.7 of [BP15] ).
• It is implicit in [Bru18] , and motivated by a surgery formula for Welschinger invariants with pairs of complex conjugated point constraints, that a version of Conjecture 4.6 of [Bru18] should also hold for a class of Göttsche-Schroeter invariants, [GS19] , tropical refinement of genus zero Gromov-Witten counts with insertion of one psi class at some number of point insertions. This conjecture can be proved as Corollary 5.1 using the geometric interpretation of Göttsche-Schroeter invariants given in Appendix B of the first arxiv version of [Bou19] . It does not seem completely obvious to obtain a proof in the spirit of the present paper, i.e. without tropical and logarithmic technology.
• Corollary 5.1 is some equality between combinatorially defined q-refined counts of floor diagrams, and so, as suggested in [Bru18] , it is very likely that a combinatorial proof exists. Our proof is geometric: once we have, thanks to Theorem 1.1, some Gromov-Witten interpretation of these combinatorial objects, we just used the fact that the usual proof by degeneration of the Abramovich-Bertram formula goes through and gives the q-refined statement.
